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CAPACITY, QUASI-LOCAL MASS, SINGULAR
FILL-INS
CHRISTOS MANTOULIDIS, PENGZI MIAO1, AND LUEN-FAI TAM2
Abstract. We derive new inequalities between the boundary ca-
pacity of an asymptotically flat 3-manifold with nonnegative scalar
curvature and boundary quantities that relate to quasi-local mass;
one relates to Brown–York mass and the other is new. We argue
by recasting the setup to the study of mean-convex fill-ins with
nonnegative scalar curvature and, in the process, we consider fill-
ins with singular metrics, which may have independent interest.
Among other things, our work yields new variational characteriza-
tions of Riemannian Schwarzschild manifolds and new comparison
results for surfaces in them.
1. Introduction
The Riemannian (“time-symmetric”) case of the Penrose Conjecture
[29] was settled in different forms by Huisken–Ilmanen [15] and by
Bray [4]. The latter, specifically, proved the following relation between
the ADM mass [3] of an asymptotically flat manifold and the Hawking
quasi-local mass [14] of its apparent horizon:
Theorem (Riemannian Penrose Inequality, [4, Theorem 1]). Let (M3, g)
be complete, asymptotically flat, with nonnegative scalar curvature and
an outer minimizing horizon Σ (possibly disconnected) with area |Σ|
and ADM mass mADM(M, g). Then√
|Σ|
16π
≤ mADM(M, g). (1.1)
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Equality holds if and only if, outside Σ, (M, g) is isometric to a Rie-
mannian half-Schwarzschild manifold.
Recall that in the Riemannian setting horizons are closed minimal sur-
faces, and their Hawking mass is the left hand side of (1.1).
Harmonic potentials and the notion of boundary capacity played an im-
portant role in Bray’s work by virtue of the following relation between
ADM mass and boundary capacity:
Theorem (Mass–Capacity inequality, [4, Theorem 9]). Let (M3, g) be
complete, asymptotically flat, with nonnegative scalar curvature and
with horizon boundary Σ. Then
Cg(Σ,M) ≤ mADM(M, g), (1.2)
with Cg(Σ,M) as in Definition 1.1. Equality holds if and only if (M, g)
is isometric to a Riemannian half-Schwarzschild manifold.
Definition 1.1 (Capacity). Let (M3, g) be a complete, asymptotically
flat Riemannian manifold with compact boundary Σ. Let φ : M → R
(the “boundary capacity potential”) be such that
∆gφ = 0 on M,
φ = 1 at Σ,
φ→ 0 as x→∞.
(1.3)
The boundary capacity of Σ ⊂ (M, g) is:
Cg(Σ,M) :=
1
4π
∫
M
|∇φ|2 dv =
1
4π
∫
Σ
∂
∂η
φ dσ, (1.4)
where η is the unit normal pointing outside of M . (The second equality
in (1.4) follows from Lemma A.2.)
Before stating the main results in this paper, we first state a corollary
of Theorem 1.5 that needs no new definitions:
Corollary 1.2. Let (M3, g) be complete, asymptotically flat, with non-
negative scalar curvature and horizon boundary Σ that consists of spheres
with positive Gauss curvature. Then:
Cg(Σ,M) ≤
1
16π
∫
Σ
Hg0 dσ (1.5)
where dσ is the induced area form and Hg0 is the mean curvature of the
isometric embedding of each boundary sphere of Σ in R3. Equality holds
if and only if (M, g) is isometric to a Riemannian half-Schwarzschild
manifold with mass Cg(Σ,M).
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Remark 1.3 (Mean curvature convention). Suppose Σ is a hypersur-
face in a Riemannian manifold. Its vector-valued second fundamental
form is defined as ~II(X, Y ) = (∇XY )
⊥ for X, Y tangent to Σ, where Z⊥
is the normal projection of Z. Its mean curvature vector ~H is the trace
of ~II. If ν is a unit normal to Σ, then the mean curvature with respect
to ν is given by H = H(ν) = g(− ~H, ν). Unless stated otherwise, for
hypersurfaces Σ inside an asymptotically flat manifold (with one end—
see Definition A.1), ν will be taken to be the unit normal pointing to
the distinguished end. When there is no asymptotically flat manifold,
and Σ is the boundary of a compact manifold (Ω, g) (e.g., Sections 3,
4, and in defining Λ(Σ, γ), Λ˚(Σ, γ) in Definition 1.4), ν will be taken
to be the unit normal pointing outside of Ω.
The isometric embedding used to define Hg0 exists since, by [28, 31], all
Riemannian two-spheres with positive Gauss curvature can be uniquely
isometrically embedded into (R3, g0). If Σ does not consist of spheres
with positive Gauss curvature, then one may not be able to isometri-
cally embed Σ in R3, so the right hand side of (1.5) is not well-defined.
Hence, following [20], we consider the Λ-invariant instead:
Definition 1.4. Let Σ be a closed, orientable surface (possibly discon-
nected) endowed with a Riemannian metric γ. Denote as F(Σ, γ) the
set of compact, connected Riemannian manifolds (Ω3, g) with boundary
such that:
(i) ∂Ω, with the induced metric, is isometric to (Σ, γ),
(ii) the mean curvature vector of ∂Ω points strictly inward, and
(iii) R(g) ≥ 0, where R(g) is the scalar curvature of g.
Then, define
Λ(Σ, γ) := sup
{
1
8π
∫
∂Ω
Hg dσ | (Ω, g) ∈ F(Σ, γ)
}
.
Let F˚(Σ, γ) be the set of compact, connected three-dimensional (Ω, g)
with ∂Ω = ΣO ⊔ ΣH such that (i)-(ii) hold along ΣO ⊂ ∂Ω, (iii), and
(iv) ΣH , if nonempty, is an arbitrary minimal surface (possibly dis-
connected).
Correspondingly, define
Λ˚(Σ, γ) := sup
{
1
8π
∫
∂Ω
Hg dσ | (Ω, g) ∈ F˚(Σ, γ)
}
.
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Above, Hg denotes the mean curvature of ∂Ω with respect to the unit
normal pointing outside of Ω. (Note: F˚ , Λ˚ were defined for connected
Σ in [20], but the same results hold for general Σ; see Appendix B.)
In Definition 1.4, F(Σ, γ) ⊂ F˚(Σ, γ), so Λ(Σ, γ) ≤ Λ˚(Σ, γ). Nonethe-
less, Λ(Σ, γ) = Λ˚(Σ, γ) by [20, Proposition 5.1] and Proposition B.4.
It was shown in [20, Theorem 1.3] (see also [19]) that Λ(Σ, γ) < ∞
for finite unions of topological spheres. By convention, Λ(Σ, γ) := −∞
when F(Σ, γ) = ∅; likewise for Λ˚, F˚ . It was observed in [20, Remark
1.5] that F(Σ, γ) 6= ∅ if Σ consists of spheres satisfying the spectral con-
dition λ1(−∆γ+Kγ) > 0, where Kγ denotes the Gauss curvature.
Our first main theorem is the following. (All asymptotically flat mani-
folds in our work will be asymptotically flat of order τ > 1
2
in the sense
of Definition A.1. Recall Remark 1.3 for mean curvature conventions
in asymptotically flat manifolds.
Theorem 1.5. Let (M3, g) be complete, asymptotically flat, with com-
pact, orientable boundary Σ with induced metric γ and with nonnegative
scalar curvature. Let φ be the boundary capacity potential for Cg(Σ,M).
Suppose that:
Hg < 4|∇φ| on Σ, (1.6)
where Hg is the mean curvature of Σ. Then F(Σ, γ) 6= ∅ and:
(1) We have the inequality
2 Cg(Σ,M) ≤ Λ(Σ, γ) +
1
8π
∫
Σ
Hg dσ. (1.7)
(2) If equality holds in (1.7), then Σ is connected, (M, g) is scalar
flat, and (M, g) is conformally equivalent to a mean-convex han-
dlebody whose boundary is isometric to (Σ, γ) and whose inte-
rior metric is flat. (Recall: handlebodies are compact manifolds
diffeomorphic to the boundary connect sum of finitely many
solid tori (B2 × S1), or B3. See [24, Proposition 1].)
(3) If Σ consists of topological spheres (e.g., M is simply connected)
with constant nonnegative mean curvature, then equality holds
in (1.7) if and only if (M, g) is isometric to the exterior of a
rotationally symmetric sphere in a Riemannian Schwarzschild
manifold.
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We note that (1.6) allows the boundary Σ to have Hg > 0. For in-
stance, the theorem applies to every coordinate sphere in a Riemannian
Schwarzschild manifold; see Section 7.1.
Regarding the capacity Cg(Σ,M) and the boundary mean curvature
Hg, H. Bray and the second author proved the following:
Theorem ([5, Theorem 1]). Let (M3, g) be complete, asymptotically
flat, with nonnegative scalar curvature and connected boundary Σ. As-
sume M is diffeomorphic to R3 \Ω, where Ω is a bounded domain with
connected boundary. Then
Cg(Σ,M) ≤
√
|Σ|
16π
(
1 +
√
1
16π
∫
Σ
H2g dσ
)
, (1.8)
where |Σ| and Hg are the area and mean curvature of Σ. Furthermore,
equality holds if and only if (M, g) is isometric to the exterior region of
a rotationally symmetric sphere outside the horizon in a Riemannian
Schwarzschild manifold.
If Σ is minimal, then the right side of (1.8) reduces to the Hawking
mass of Σ. It is worth comparing (1.8) and (1.7):
(i) (1.7) becomes an identity on every coordinate sphere in the
(doubled) Riemannian Schwarzschild manifold, while (1.8) be-
comes an identity only on spheres that are in the exterior region
of the Riemannian Schwarzschild manifold.
(ii) In (1.8), it is assumed that Σ is connected because the proof in
[5] made use of weak solutions to the inverse mean curvature
flow developed by Huisken–Ilmanen [15]. However, Theorem 1.5
imposes no topological assumptions on (M, g) and Σ is allowed
to be disconnected.
(iii) In the case that both estimates (1.7) and (1.8) apply, (1.7) is
a better estimate when Σ is a round sphere and Hg is not a
constant, by Ho¨lder’s inequality. On the other hand, if Hg = 0
and Σ has positive Gauss curvature, (1.8) gives better estimate
by the Minkowski inequality in R3.
Theorem 1.5 has a corollary that relates to Szego¨’s theorem, which we
recall here (see, e.g., [30, section 3.4]): if Σ ⊂ R3 is a closed surface
bounding a convex domain Ω, then
Cg0(Σ,R
3 \ Ω) ≤
1
8π
∫
Σ
Hg0 dσ, (1.9)
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with equality if and only if Σ is a round sphere. We obtain:
Corollary 1.6. Let (M3, g) be complete, asymptotically flat, with non-
negative scalar curvature, and no boundary. Suppose Ω ⊂ M is a
bounded domain with boundary Σ consisting of spheres with positive
Gauss curvature, and mean curvature satisfying 0 < Hg < 4|∇φ|, with
φ as in (1.3). Then:
Cg(Σ,M \ Ω) ≤
1
8π
∫
Σ
Hg0 dσ, (1.10)
where Hg0 is the mean curvature of the isometric embedding of each
component of Σ in (R3, g0). Equality holds in (1.10) if and only if Σ is
a round sphere and (M, g) is isometric to (R3, g0).
This corollary essentially replaces R3 in Sze¨go’s theorem with an asymp-
totically flat manifold, and the convexity assumption on Σ is replaced
by a mean curvature condition. Without the positive Gauss curvature
assumption on Σ, one still has Cg(Σ,M \ Ω) ≤ Λ(Σ, γ), with equality
corresponding to the rigidity case of Theorem 1.5 and the rigidity of
1
8π
∫
Σ
Hg dσ = Λ(Σ, γ) [20, Theorem 1.4].
Corollaries 1.2 and 1.6 are a special case of Theorem 1.5, in view of the
following result of Y.-G. Shi and the third author [32], which proves
that
Λ(Σ, γ) =
1
8π
∫
Σ
Hg0 dσ (1.11)
for spheres (Σ, γ) of positive Gauss curvature whose isometric embed-
ding into (R3, g0) has mean curvature Hg0:
Theorem ([32, Theorem 1]). Let (Ω3, g) be a compact, connected Rie-
mannian manifold with nonnegative scalar curvature, and with compact
mean-convex boundary Σ, which consists of spheres with positive Gauss
curvature. Then, ∫
Σℓ
Hg dσ ≤
∫
Σℓ
Hg0 dσ (1.12)
for each component Σℓ ⊂ Σ, ℓ = 1, . . . , k. Moreover, equality holds for
some ℓ = 1, . . . , k if and only if ∂Ω has only one component and (Ω, g)
is isometric to a domain in R3.
Note that, by a slight abuse of notation, the right hand side of (1.5) in
Corollary 1.2 equals one-half times the Brown–York quasi-local mass
[8, 9] (another important notion of mass that we use in our paper)
evaluated on the horizon boundary. Recall its definition:
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Definition 1.7 (Brown–York mass). Let (Ω3, g) be a compact, con-
nected Riemannian manifold with compact boundary Σ that consists
of spheres with positive Gauss curvature. The Brown–York mass of
(Σ; Ω, g) is defined to be:
mBY (Σ; Ω, g) :=
1
8π
∫
Σ
(Hg0 −Hg) dσ, (1.13)
where dσ is the area form of the metric γ induced on Σ, Hg is the
mean curvature of Σ ⊂ (Ω, g) computed with respect to the unit normal
pointing outside of Ω, and Hg0 is the mean curvature of the isometric
embedding of each component of (Σ, γ) into (R3, g0).
Given the afforementioned results, one wonders whether the capacity
and the various notions of mass (ADM, Hawking, Brown–York) fit into
one picture. We recall: An inequality between Brown–York mass and
Hawking mass has been established by [33, 26]. (See also [21]). On
the other hand, if Σ are large coordinate spheres bounding compact
domains in asymptotically flat manifolds, the Brown–York mass will
converge to the ADM mass by [12]. Note that there can be no a priori
inequality between the Brown–York mass of Σ and ADM mass. This
can be seen as a consequence of the work of R. Schoen and the first
author [22] on the Bartnik quasi-local mass ; see Section 7.3.
Our second theorem relates capacity and Brown–York mass:
Theorem 1.8. Let (M3, g) be complete, asymptotically flat, orientable,
with nonnegative scalar curvature, and compact boundary Σ with non-
positive mean curvature. Let φ be the boundary capacity potential in
(1.3), and
u := 1
2
(2− φ), Σc := {u = c}.
Let c ∈ (1
2
, 1) be a regular value of u so that:
Hg > −4|∇ log u| on Σc, (1.14)
where Hg is the mean curvature of Σc. Then
c−1 Cg(Σ,M) ≤ Λ(Σc, γc)−
1
8π
∫
Σc
Hg dσc; (1.15)
here, σc is the area form of the metric γc induced on Σc.
If Σc is a sphere with positive Gauss and mean curvatures, then equality
holds in (1.15) if and only if (M, g) is isometric to the exterior region
of a Riemannian Schwarzschild manifold with horizon Σ.
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We also wish to point out that estimates on suitable equipotential sur-
faces in static asymptotically flat manifolds were given by Agostiniani–
Mazzieri [2].
While there is no a priori relation between the right hand sides of (1.2),
(1.5), Theorem 1.8 serves as a “localization” of Bray’s capacity bound,
(1.2). Indeed, by Lemma A.2, the set of c for which Σc is a sphere of
positive Gauss and mean curvatures contains an interval of the form
[c0, 1), c0 ∈ (
1
2
, 1). Hence, by (1.11),
Λ(Σc, γc)−
1
8π
∫
Σc
Hg dσc =
1
8π
∫
Σc
(Hg0 −Hg) dσc,
where Hg0 denotes the mean curvature of Σc when embedded, with its
induced metric γc, into (R
3, g0). The right hand side is the Brown–York
mass of Σc and, by [35, 12], it converges to mADM(M, g) as c→ 1. This
recovers Bray’s capacity inequality (1.2).
Remark 1.9 (Theorems 1.5, 1.8, and Brown–York mass). Suppose
Σ in Theorem 1.5 consists of spheres with positive Gauss curvature.
Then, the right hand side of (1.7) equals mBY (Σ;M, g). We emphasize
that taking (Ω, g) to be the noncompact manifold (M, g) in Definition
1.7 is abuse of notation, and leads to a nonstandard sign for the mean
curvature Hg on Σ. On the other hand, if Σc in Theorem 1.8 consists of
spheres with positive Gauss curvature, then the right hand side of (1.15)
equals mBY (Σc; Ωc, g), provided Ωc is the compact domain bounded by
Σ and Σc; Hg on Σc here will have the standard sign.
We conclude the introduction by listing some further results we ob-
tained on the boundary capacity of sets in the Schwarzschild manifolds
(Mm, gm) of mass m > 0:
Mm := R
3 \ {0}, gm :=
(
1 +
m
2r
)4
g0,
where g0 denotes the flat Euclidean metric on R
3. They are related to
some well-known results in R3.
Before we state the next result, let us fix some notation. In the follow-
ing, if Ω is a domain in R3 containing the origin with ∂Ω = Σ, thenMΣm
denotes the set Mm \Ω in the Schwarzschild manifold (Mm, gm).
We will generalize the following classical Poincare´–Faber–Szego¨ capac-
ity inequality on R3 (see, e.g., [30, p.17]). If Σ is the boundary of a
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compact domain Ω, then
Cg0(Σ,R
3 \ Ω) ≥
(
3|Ω|
4π
)1/3
, (1.16)
where |Ω| is the volume of Ω, with equality if and only if Ω is a geodesic
ball. In the case of Schwarzschild manifolds, we have:
Theorem 1.10. Let Σ be a closed surface bounding a domain with the
horizon ΣH in a Schwarzschild manifold (Mm, gm) with mass m > 0.
Let Σ∗ be the unique rotationally symmetric sphere in (Mm, gm) which
encloses a domain with ΣH with the same (signed) volume as Σ. Then
Cgm(Σ,M
Σ
m) ≥ Cgm(Σ
∗,MΣ
∗
m ); (1.17)
here, MΣm ⊂Mm is exterior of Σ, and similarly for M
Σ∗
m , Σ
∗. Equality
holds in (1.17) if and only if Σ = Σ∗.
Using this together with Theorems 1.5 and 1.10, one can obtain some
new comparisons between the Brown–York masses of certain domains
in Schwarzschild and their rotationally symmetric counterparts. See
Corollaries 7.3 and 7.4 for more details.
Remark 1.11. By examining its proof in Section 7, one can see that
Theorem 1.10 remains true for rotationally symmetric asymptotically
flat manifolds that can be foliated by isoperimetric hypersurfaces. See
[6, 11] for some sufficient conditions on the existence of such a foliation.
The organization of the paper is as follows. In Section 2, we prove a
special case of Corollary 1.2 to motivate our approach. This leads us
to consider fill-ins similar to those in F(Σ, γ) but whose metric need
not be smooth. Singular fill-ins will be discussed in detail in Section
3. In some cases, one can consider singular fill-ins with less stringent
conditions. This will be discussed in Section 4. In Section 6, we prove
Theorems 1.5, 1.8 and their corollaries. In Section 7, we prove Theorem
1.10 for Schwarzschild manifolds and some interesting corollaries. In
Section 7.3 we give some useful examples that help illustrate our results.
To obtain the rigidity parts of Theorems 1.5 and 1.8, we need a result
in function theory, which is given in Section 5.
2. Harmonically flat asymptotics
As motivation for the tools developed later in this paper, we first give
a direct proof of Corollary 1.2 to Theorem 1.5 in the simpler setting
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where (M, g) has harmonically flat asymptotics; namely, when there
exists K ⊂M such that, on M \K ≈ R3 \B1(0),
g = u4g0, ∆g0u = 0 on M \K, u(x)→ 1 as x→∞. (2.1)
Here g0 is the flat metric on R
3 and ∆ is the Laplacian:
Consider the boundary capacity potential φ : M → (0, 1) from (1.3)
and, then, consider the conformal compactification
gφ := φ
4g (2.2)
Let (Ω3, g¯φ) denote the metric completion of (M
3, gφ).
Claim. (Ω3, g¯φ) is a smooth, compact Riemannian manifold with bound-
ary isometric to (Σ, γ).
(This needn’t hold if our asymptotics are not harmonically flat; confor-
mal blowdowns generally produce singular Riemannian metrics.)
Proof of claim. Note that g¯φ = (φu)
4g0. Recall that the inversion map
Φ from (A.11) is a conformal diffeomorphism of Euclidean space with
Φ∗g0 = r
−4(dr2 + r2dθ2) = r−4g0. In particular,
Φ∗g¯φ = (|Φ|
−1(φu) ◦ Φ)4g0.
From Lemma A.2,
|Φ(x)|−1|(φu) ◦ Φ(x)| → Cg(Σ,M) > 0 as x→∞.
Thus, Φ∗g¯φ is smooth away from an isolated point singularity, across
which it is uniformly Euclidean. In fact, (2.1) together with ∆gφ = 0
give ∆g0(φu) = 0. Since |Φ|
−1(φu) ◦ Φ is the Kelvin transform of φu,
it must also be harmonic, so the singularity is removable. 
The scalar curvature of R(g¯φ) is:
R(g¯φ) = 8φ
−5(−∆gφ+
1
8
R(g)φ) = φ−4R(g) ≥ 0, (2.3)
and this extends to the finite point brought in from infinity because
it’s a removable singularity. By (1.6), the mean curvature of Σ with
respect to g¯φ is
Hg¯φ = 4
∂
∂ν
φ > 0, (2.4)
where ν is the unit normal of Σ ⊂ (M, g) pointing outside of M .
Applying [32, Theorem 1] to (Ω, g¯φ), together with (2.4) this implies
4
∫
Σℓ
∂
∂ν
φ dσℓ =
∫
Σℓ
Hgφ dσℓ ≤
∫
Σℓ
Hg0 dσℓ
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for ℓ = 1, . . . , k, where Hg0 denotes the mean curvature of the isometric
embedding of Σℓ, with its induced metric, into (R
3, g0). Summing
over ℓ = 1, . . . , k, integrating by parts using (1.3) and the decay from
Lemma A.2, we get
16π Cg(Σ,M) =
∫
Σ
∂
∂ν
φ dσ ≤
k∑
ℓ=1
∫
Σℓ
Hg0 dσℓ,
which is precisely (1.5).
Suppose, now, that equality holds for (1.5). We’re in the rigidity case of
[32, Theorem 1] above. This already implies that k = 1 and that (Ω, g¯φ)
is isometric to a connected domain (Ω, g0) in R
3. Moreover, we may
assume that Ω contains a point p that corresponds to ∞ in (M, g). By
Theorem 5.1, one can show (Ω, g¯φ) is isometric to a Euclidean ball with
center at p. This will imply that (M, g) is a Riemannian Schwarzschild
manifold outside the horizon. The details will be given in the proof of
the general case.
3. Singular fill-ins
Motivated by our discussion of harmonically flat manifolds (M, g) in
Section 2, one would like to study metrics such as gφ from (2.2), which
may be singular at a point. For later development, we also will consider
metrics which may not be smooth on a more general subset. Hence we
consider the following:
Definition 3.1 (Singular fill-ins). Let Σ be a closed, orientable man-
ifold of dimension n − 1 with n ≥ 3 (possibly disconnected) endowed
with a smooth Riemannian metric γ. A smooth compact manifold Ω
with boundary, endowed with a C0 Riemannian metric g is said to be
a (possibly) singular fill-in of (Σ, γ) if
(i) g is C∞ locally away from a compact subset sing g ⊂ Ω \ ∂Ω;
(ii) ∂Ω, with the induced metric, is isometric to (Σ, γ);
(iii) the mean curvature of ∂Ω is positive; and
(iv) R(g) ≥ 0 on Ω \ sing g.
As in the case n = 3, if g is smooth, then we say that (Ω, g) is a
(smooth) fill-in of (Σ, γ).
Remark 3.2. In this section the mean curvature of ∂Ω is computed as
in Remark 1.3, with ν being the unit normal pointing outside of Ω.
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A singular fill-in (Ω, g) of (Σ, γ) is said to satisfy condition (C) if sing g
is a disjoint union of compact sets P , Q that satisfy:
(a) P is a smoothly embedded two-sided compact hypersurface
without boundary,
(i) near P , g can be expressed as
g = dt2 + g±(t, z)
for smooth coordinates (t, z) ∈ (−a, a) × P , a > 0, where
g+, g− are defined and smooth on t ≥ 0, t ≤ 0, and
g−(·, 0) = g+(·, 0);
(ii) the mean curvatures H+, H− of the unit normal
∂
∂t
at P
with respect to g+, g−, satisfy H+ ≤ H−.
(b) Q is a disjoint union of compact sets Q1, . . . , QN such that, for
each k = 1, . . . , N
(i) g is in W 1,pk in a neighborhood of Qk (with respect to a
smooth background metric);
(ii) Qk has codimension at least ℓk, with ℓk > (
2
n
− 1
pk
)−1 >
0, in the sense that lim supǫ→0 ǫ
−ℓk |Qk(ǫ)|g < ∞; |Qk(ǫ)|g
denotes its volume.
Here and below A(ǫ) is the set {distg(A, ·) < ǫ}. Note that if ǫ is small
enough that P (ǫ) = (−ǫ, ǫ)× P .
We want to prove the following:
Theorem 3.3. Let Σ be a closed, orientable manifold of dimension
n−1, n ≥ 3, endowed with a Riemannian metric γ. Suppose (Ωn, g) is
a singular fill-in of (Σ, γ) satisfying condition (C) with P,Q mentioned
in that condition. Then for any δ > 0, there is a smooth metric h on
Ω such that (Ω, h) is a fill-in of (Σ, γ) and∫
Σ
Hh dσ ≥
∫
Σ
Hg dσ − δ.
Moreover, if g is not Ricci flat at some point in Ω\sing g, or H− > H+
somewhere on P , then there is a smooth metric h on Ω such that (Ω, h)
is a fill-in of (Σ, γ) with∫
Σ
Hh dσ >
∫
Σ
Hg dσ.
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In particular, if n = 3, then
1
8π
∫
Σ
Hgdσ ≤ Λ(Σ, γ) (3.1)
with equality only if g is flat outside sing g and H+ = H− along P .
Remark 3.4. (i) We are primarily interested in the 3-dimensional
case, n = 3, in which case, in condition (C)(b) above, ℓ =
2 =⇒ p > 6 and ℓ = 3 =⇒ p > 3. Also, ℓ ≤ n is automatic.
Moreover, we have ℓ > n
2
. It is unclear if one can relax the
condition to allow ℓց 1. However see Proposition 4.1 below.
(ii) The condition on P is necessary. One can construct examples
which do not satisfy the condition on P and that (3.1) fails. See
Section 7.
In some cases, the fill-in metric g is actually smooth when equality is
attained in (3.1). More precisely,
Proposition 3.5. Let (Ω3, g) be as in Theorem 3.3 with n = 3, and so
that it attains equality in (3.1). Then g extends smoothly (after perhaps
a change of smooth structure) across:
(1) P , if P is homeomorphic to union of spheres,
(2) Q, if Q consists of isolated point singularities,
(3) Q, if g is Lipschitz.
If sing g consists of only such singularities, then Σ is connected, sing g =
∅, and (Ω, g) is a mean-convex handlebody with flat interior.
Proof. If equality is attained in (3.1), then H+ = H− on P by Theorem
3.3, and g is flat outside P . By [25, p. 1180–1181], g extends smoothly
across P that are spheres with H+ = H−. Likewise, g is smooth across
Q which consists of isolated points by [36], and also smooth across Q
if g is by [34, Theorem 6.1].
If all the singularities in sing g are as above, then (Ω, g) ∈ F(Σ, γ) and
the result follows verbatim from [20, Theorem 1.4]. 
To prove Theorem 3.3, we need to approximate g by smooth metrics
with suitable properties. Let sing g = P ∪ Q as in the theorem, as-
suming that Q = Q1 with p := p1, ℓ := ℓ1. The general case can be
proved similarly. Let b be a smooth background metric on Ω. Cover
Q by finitely many coordinate neighborhood U1, . . . , UN with Uk is in
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the interior of Ω and P ∩ (∪Nk=1Uk) = ∅. Let UN+1 be an open set in Ω
so that Q∩UN+1 = ∅ and Ω = ∪
N+1
k=1 Uk. Let ψk be a partition of unity
with supp(ψk) ⊂ Uk. By [16, Lemma 3.1], for each 1 ≤ k ≤ N , there
is a smooth function ǫ ≥ ρk ≥ 0 in Uk such that for small ǫ > 0:
ρk = ǫ in Q(ǫ/2) ∩ Uk, and ρk = 0 in Uk \Q(ǫ);
|∂ρk|+ ǫ|∂
2ρk| ≤ C;
(3.2)
for some C independent of ǫ and k. Here ∂ρk and ∂
2ρk are derivatives
with respect to the Euclidean metric.
Lemma 3.6. There is ǫ0 > 0 such that if ǫ0 ≥ ǫ > 0, there is a smooth
metric gǫ on Ω such that
(i) gǫ = g outside P (ǫ) ∪ Q(ǫ), and c
−1gǫ ≤ g ≤ cgǫ for some
constant c > 0 independent of ǫ;
(ii) the W 1,p norm with respect to b of gǫ in Q(ǫ) is less than c, for
some constant c > 0 independent of ǫ;
(iii) |∇bgǫ| ≤ c in P (ǫ), and for z ∈ P ,
|R(gǫ)|(z, t) ≤ c for
ǫ2
100
< |t| ≤ ǫ;
−c+ ǫ−2(H−(z)−H+(z))
≤ R(gǫ)(z, t) ≤ cǫ
−2 for − ǫ
2
400
< t ≤ ǫ
2
400
;
−c ≤ R(gǫ)(z, t) ≤ cǫ
−2 for ǫ
2
400
< |t| ≤ ǫ
2
100
;
(3.3)
for some constant c > 0 independent of ǫ.
Proof. In the following c > 0 always denote a constant independent of
ǫ. Its meaning may vary from line to line. First assume ǫ0 > 0 be small
enough so that P (2ǫ0)∩Q(2ǫ0) = ∅ and P (2ǫ0)∪Q(2ǫ0) is disjoint from
the boundary Σ.
By [25, Prop. 3.1], by choosing a possible smaller ǫ0 > 0, then for any
0 < ǫ ≤ ǫ0, one can find a metric g˜ǫ such that g˜ǫ = g outside P (ǫ), g˜ǫ
is smooth in P (ǫ0), |
b∇g˜ǫ|b ≤ c in P (ǫ0) such that the scalar curvature
R(g˜ǫ) in P (ǫ) satisfies (3.3) with g˜ǫ in place of gǫ for all z ∈ Σ.
Next we want to modify g˜ǫ near Q. Let ψk be the partition of unity
mentioned before the lemma. Let gk := ψkg˜ and for 1 ≤ k ≤ N ,
(gkǫ )ij(x) :=
∫
Rn
g˜kij(x− λρk(x)y)ϕRn(y) dy. (3.4)
Here
ϕ : Rn → [0,∞) is smooth, sptϕ ⊂ Bn1/2(0),
∫
Rn
ϕ = 1, (3.5)
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and λ > 0 is a constant independent of ǫ and k, which is small enough
for x 7→ x− λρk(x)y from (3.4) to be a diffeomorphism.
Finally, define
gǫ :=
N∑
k=1
g˜kǫ + ψN+1g˜. (3.6)
We have, e.g., from [34, Lemma 4.1], that for a possibly smaller ǫ0 > 0,
then for ǫ ∈ (0, ǫ0],
gǫ = g˜ except on Q(ǫ),
c−1gǫ ≤ g˜ ≤ cgǫ on Ω
W 1,p norm of gǫ in Q(ǫ) is less than c.
(3.7)
for a constant c > 0 that is independent of ǫ > 0. Combining this with
the properties of g˜, we see that gǫ satisfies the required properties of
the lemma. 
In order to understand the effect of the Ricci tensor and H− − H+,
we also introduce the following. Fix x0 ∈ Ω \ (Σ ∪ sing g) and r > 0
small enough that 5r < injg(x0) (the injectivity radius of g at x0) and
Bg5r(x0) ∩ (Σ ∪ sing g) = ∅.
Choose ǫ0 > 0 be sufficiently small in the above so that
(P (ǫ0) ∪Q(ǫ0)) ∩B
g
4r(x0) = ∅. (3.8)
Let χ : [0,∞)→ [0,∞) be a smooth nonincreasing function with
χ = 1 on [0, 1], χ = 0 on [2,∞), |χ′|2 ≤ Cχ, (3.9)
with C some absolute constant. Set:
h := χ(distg(·, x0)/r)R˚ic(gǫ) = χ(distg(·, x0)/r)R˚ic(g); (3.10)
because gǫ = g outside P (ǫ) ∪Q(ǫ).
For τ > 0, define
gǫ,τ := gǫ − τh.
If τ is small enough, independent of ǫ, then gǫ,τ also satisfies Lemma
3.6 with gǫ replaced by gǫ,τ with constants c being independent of ǫ, τ
provided they are small enough. Observe that the Sobolev constants
in the Sobolev inequality for gǫ and gǫ,τ are uniformly bounded.
Let ρk be as in (3.2) and ψk be the partition of unity on U1, . . . , UN+1
mentioned above. Let
η := ǫ−1
N∑
k=1
ρkψk.
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Then η = 1 on Q(ǫ/2) and η = 0 outside Q(ǫ).
Lemma 3.7. (i) There is α > 0 such that if τ0, ǫ0 > 0 are small
enough so that if ǫ ∈ (0, ǫ0], τ ∈ (0, τ0], ǫ
α ≤ τ 2, then for any
Lipschitz function u on Ω:∫
Ω
R(gǫ,τ)u
2 dvgǫ,τ (3.11)
≥
∫
Ω\(P (ǫ)∪Q(ǫ))
R(g)u2 dvgǫ,τ + c
−1ǫ−2
∫
P ( 1
400
ǫ2)
(H− −H+)u
2 dvgǫ,τ
+ 1
2
τ
∫
Bg4r(x0)
χ|R˚ic(g)|2u2 dvgǫ,τ − cτ
3
2
[∫
Q(ǫ)∪Bg4r(x0)
u
2n
n−2 dvgǫ,τ
]n−2
n
− cτ
1
2
∫
Ω
|∇gǫ,τu|
2 dvgǫ,τ ,
for c > 0 which is independent of ǫ, τ .
(ii) There is β > 0 such that if τ0, ǫ0 > 0 are small enough so that if
ǫ ∈ (0, ǫ0], τ ∈ (0, τ0], ǫ
β ≤ τ 2, then for any Lipschitz function
u ≥ 0 on Ω with u|∂Ω = 0,∫
Ω
R(gǫ,τ)u dvgǫ,τ ≥ −cτ
[∫
Ω
|∇gǫ,τu|
2 dvgǫ,τ
]1
2
, (3.12)
for c > 0 which is independent of ǫ, τ .
Proof. First we prove (3.11). Since η = 0 outside Q(ǫ) and gǫ = g
outside P (ǫ) ∪Q(ǫ). We have∫
Ω
R(gǫ,τ)u
2 dvgǫ,τ (3.13)
=
∫
Q(ǫ)
ηR(gǫ,τ)u
2 dvgǫ,τ +
∫
Ω\Q(ǫ)
(1− η)R(gǫ,τ)u
2 dvgǫ,τ
=
∫
P (ǫ)
R(gǫ)u
2 dvgǫ︸ ︷︷ ︸
=: IA
+
∫
Q(ǫ)
ηR(gǫ)u
2 dvgǫ︸ ︷︷ ︸
=: IB
+
∫
Bg4r(x0)
(R(gǫ,τ)− R(g))u
2 dvgǫ,τ︸ ︷︷ ︸
=: II
+
∫
Ω\(P (ǫ)∪Q(ǫ))
R(g)u2 dvg.
Here we have used the fact that P (ǫ) ∪Q(ǫ) is disjoint from Bg4r(x0).
Capacity, quasi-local mass, singular fill-ins 17
First, we have
IA =
∫
P (ǫ)
R(gǫ)u
2 dvgǫ (3.14)
≥ −c
∫
P (ǫ)
u2 dvgǫ + ǫ
−2
∫
P (ǫ2/400)
(H− −H+)u
2 dvgǫ
≥ −cǫ
2
n
[∫
P (ǫ)
u
2n
n−2 dvgǫ
]n−2
n
+ ǫ−2
∫
P ( 1
400
ǫ2)
(H− −H+)u
2 dvgǫ,
where we have used Lemma 3.6(iii).
Next, we have
IB =
∫
Q(ǫ)
ηR(gǫ) dvgǫ = ǫ
−1
∫
Q(ǫ)
N∑
k=1
ρkψkR(gǫ)u
2 dvgǫ. (3.15)
We estimate each term separately. Recall that, in each coordinate chart
Uk, k = 1, . . . , N ,
R(gǫ) = (gǫ)
−1 ∗ ∂Γǫ + (gǫ)
−1 ∗ Γǫ ∗ Γǫ,
where the partial derivatives are with respect to Euclidean coordinates,
Γǫ denote the Christoffel symbols of gǫ in these coordinates, and the “∗”
notation above stands for linear combinations of the form gijǫ ∂k[(Γǫ)
s
pq],
gijǫ (Γǫ)
s
pq(Γǫ)
w
uv, respectively. Using this expression, we can estimate
each term of (3.15) by integrating by parts.
For κ > 0, we have:
ǫ−1
∫
Q(ǫ)
ρkψkR(gǫ)u
2 dvgǫ (3.16)
= ǫ−1
∫
Uk∩Q(ǫ)
ρkψk
[
(gǫ)
−1 ∗ ∂Γǫ + (gǫ)
−1 ∗ Γǫ ∗ Γǫ
]
u2 dvgǫ
≥ −c
∫
Uk∩Q(ǫ)
[
(ǫ−1|∂gǫ|+ |∂gǫ|
2)u2 + u|∇gǫu||∂gǫ|
]
dvgǫ
≥ −c
[
ǫ
−1+(
2
n
−
1
p
)ℓ
+ (1 + κ−1)ǫ
(
2
n
−
2
p
)ℓ
] [∫
Uk∩Q(ǫ)
u
2n
n−2 dvgǫ
]n−2
n
− cκ
∫
Uk∩Q(ǫ)
|∇gǫu|
2 dvgǫ,
where we have used the generalized Ho¨lder inequality, (3.7), |Γǫ| =
O(|∂gǫ|), and the fact that Q has co-dimension at least ℓ and Lemma
3.6(ii). Here and below, c > 0 is a constant independent of ǫ, τ , κ.
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The meaning of c may change from line to line. Summing (3.16) over
k = 1, . . . , N , we get
IB ≥ −cτ
1
2
∫
Q(ǫ)
|∇gǫu|
2 dvgǫ − cτ
3
2
[∫
Q(ǫ)
u
2n
n−2 dvgǫ
]n−2
n
(3.17)
if ǫα ≤ τ 2, κ = τ
1
2 , where α is of ( 2
n
− 2
p
)ℓ and −1 + ( 2
n
− 1
p
) which is
positive.
We now proceed to estimate II from (3.13). To do so, let’s recall:
Lemma ([7, Proposition 4]). Let (Ωn, g) be a smooth Riemannian man-
ifold. If g¯ = g + h with |h|g ≤
1
2
, then the scalar curvatures satisfy:
R(g¯)−R(g) = − divg(divg(h)) + ∆gtrgh− 〈h,Ric(g)〉g + F
where |F | ≤ C
(
|∇h|2 + |h|g|∇
2h|g + |Ric(g)||h|
2
g
)
and C depends only
on n. Here ∇ is the covariant derivative with respect to g.
Hence, for small τ , we have
R(gǫ,τ) = R(g) + τdivg(divg(h)) + τ〈h,Ric(g)〉g + E1,
on Bg4r(x0) where |E1| ≤ cτ
2, with c independent of ǫ, τ . Moreover,
dvgǫ,τ = (1 + E2) dvg
on Bg4r(x0), where |E2| ≤ cτ
2, with c independent of ǫ, τ , because the
perturbation tensor h from (3.10) is traceless. Moreover, since
R˚ic(g) = Ric(g)− 1
n
R(g) = (Ric(g)− 1
2
R(g)g) + n−2
2n
R(g)g,
and the first term of the right hand side is divergence-free, we have
divg divg h = divg R˚ic(g)(∇gχ, ·) +
n−2
2n
divg(χ∇gR(g)).
Using the fact that h, its derivatives, and Ric(g) are bounded by a
constant independent of ǫ, τ in Bg4r(x0), for any κ ∈ (0, 1) we have
II =
∫
Bg4r(x0)
(R(gǫ,τ)− R(g))u
2 dvgǫ,τ (3.18)
=
∫
Bg4r(x0)
(R(g) + τ divg divg h+ τ〈h,Ric(g)〉g + E1)(1 + E2)u
2 dvg
≥ τ
∫
Bg4r(x0)
(divg divgh+ 〈h,Ric(g)〉g)u
2 dvg − cτ
2
∫
Bg4r(x0)
u2 dvg
≥ τ
∫
Bg4r(x0)
χ|R˚ic(g)|2u2 dvg − cτ
2
∫
Bg4r(x0)
u2 dvg
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− cτ
∫
Bg4r(x0)
u|∇gu|(|∇gχ||R˚ic(g)|+ χ|∇gR(g)|) dvg
≥ (1− cκ)τ
∫
Bg4r(x0)
χ|R˚ic(g)|2u2 dvg − κ
−1τ
∫
Bg4r(x0)
|∇gǫ,τu|
2 dvgǫ,τ
− c(τ 2 + κτ)
∫
Bg4r(x0)
u2 dvgǫ,τ ,
≥
τ
2
∫
Bg4r(x0)
χ|R˚ic(g)|2u2 dvg − τ
1
2
∫
Bg4r(x0)
|∇gǫ,τu|
2 dvgǫ,τ − cτ
3
2
∫
Bg4r(x0)
u2 dvgǫ,τ ,
if we take κ = τ
1
2 , where c continues to denote a constant independent
of ǫ, τ , provided τ0 is small enough.
Altogether, (3.13), (3.14), (3.17), (3.18) imply (3.11).
Now let’s prove (3.12). As before, R(g) ≥ 0 outside sing g, u ≥ 0, so∫
Ω
R(gǫ,τ)u dvgǫ,τ ≥
∫
P (ǫ)
R(gǫ)u dvgǫ︸ ︷︷ ︸
=: IVA
+
∫
Q(ǫ)
ηR(gǫ)u dvgǫ︸ ︷︷ ︸
=: IVB
+
∫
Bg4r(x0)
(R(gǫ,τ)− R(g))u dvgǫ,τ .︸ ︷︷ ︸
=:V
(3.19)
Arguing as for IA in (3.14), we can estimate
IVA ≥ −cǫ
n+2
2n
[∫
P (ǫ)
u
2n
n−2 dvgǫ
]n−2
2n
≥ −cǫ
n+2
2n
[∫
Ω
|∇gǫu|
2 dvgǫ
]1
2
;
(3.20)
we used the Sobolev inequality for functions with value zero boundary
value on Ω, together with Lemma 3.6(i).
Arguing as for IB in (3.15), (3.16), we have, for each k = 1, . . . , N :
ǫ−1
∫
Q(ǫ)
ρkψkR(gǫ)u dvgǫ (3.21)
≥ −c
∫
Uk∩Q(ǫ)
[
(ǫ−1|∂gǫ|+ |∂gǫ|
2)u+ |∇gǫu||∂gǫ|
]
dvgǫ
≥ −c
[
ǫ
−1+(
n+2
2n
−
1
p
)ℓ
+ ǫ
(
n+2
2n
−
2
p
)ℓ
] [∫
Uk∩Q(ǫ)
u
2n
n−2 dvgǫ
]n−2
2n
− cǫ
(
1
2
−
1
p
)ℓ
[∫
Uk∩Q(ǫ)
|∇gǫu|
2 dvgǫ
]1
2
20 Christos Mantoulidis, Pengzi Miao and Luen-Fai Tam
≥ −cτ 2
[∫
Uk∩Q(ǫ)
u
2n
n−2 dvgǫ
]n−2
2n
+
[∫
Uk∩Q(ǫ)
|∇gǫu|
2 dvgǫ
] 1
2

if ǫβ ≤ τ 2, where β is the minimum of −1 + (n+2
2n
− 1
p
)ℓ, (1
2
− 1
p
)ℓ and
(n+2
2n
− 2
p
)ℓ which is positive. Thus, relaxing Uk ∩Q(ǫ) to Ω and using
the Sobolev inequality for functions with value zero boundary value on
Ω together with Lemma 3.6(i), we find that
IVB ≥ −cτ
1
2
[∫
Ω
|∇gǫu|
2 dvgǫ
]1
2
, (3.22)
with c independent of ǫ, τ .
Finally, arguing as we did for IV in (3.18), we get:
V ≥ −cτ
[∫
Ω
|∇gǫ,τu|
2 dvgǫ,τ
]1
2
. (3.23)
Thus, (3.12) follows from (3.19), (3.20), (3.22), (3.23), and Lemma
3.6(i). This completes the proof of Lemma 3.7. 
Proof of Theorem 3.3. Fix x0 ∈ Ω \ sing g and choose r > 0 and con-
struct gǫ,τ as above. Let τi ∈ (0, 1), τi → 0. Define ǫi > 0 so that
ǫαi , ǫ
β
i ≤ τ
2
i (3.24)
where α, β are as in Lemma 3.7. For notational simplicity, set gi :=
gǫi,τi . Let cn = 4(n − 1)/(n − 2). By Lemma 3.7(i), using Sobolev
inequality, we conclude that if i is large enough, then∫
Ω
|∇giu|
2 + cnR(gi)u
2 dvgi ≥ λ
∫
Ω
|∇giu|
2dvgi (3.25)
for some λ > 0 for all i for any smooth function with compact support
in Ω. By standard arguments, there is i0 > 0 such that for all i =
i0, i0 + 1, . . . there is a smooth ui > 0 solving
−∆giui +
n−2
4(n−1)
R(gi)ui = 0 in Ω,
ui = 1 on Σ.
(3.26)
Hence u
4/(n−2)
i gi is a smooth metric on Ω, has scalar curvature every-
where equal to zero, induces the same metric as gi on Σ = ∂Ω, and the
mean curvature of Σ with respect to gi satisfies
H
u
4/(n−2)
i gi
= Hg + 2(n− 1)
∂ui
∂ν
, (3.27)
where ν is the unit outward normal of g. The theorem follows from the
following lemma because x0, r are arbitrary. 
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Lemma 3.8. Let ui be as in the proof of Theorem 3.3, we have:
(i) lim inf i→∞
(
infΣ
∂
∂ν
ui
)
≥ 0, where ν is the unit outward normal
of Σ with respect to g.
(ii) If g is not Ricci flat at x0, or if H− > H+ somewhere in P ,
then
∫
Σ
∂ui
∂ν
dσ > 0 if i is large enough.
Proof. (i) Let f+ denote the positive part of a function f , i.e., f+ :=
max{f, 0}. Multiply (3.26) by vi = (ui − 1)+ and integrate by parts.
Using Lemma 3.7(ii) we have that for large i:
λ
∫
Ω
|∇givi|
2 dvgi ≤
∫
Ω
|∇givi|
2+ n−2
4(n−1)
R(gi)v
2
i dvgi ≤ cτi
[∫
Ω
|∇givi|
2 dvgi
]1
2
for some c > 0 independent of i, where λ > 0 is the constant in (3.25).
Hence [∫
Ω
|∇givi|
2 dvgi
]1
2
≤ cτi.
By the Poincare´–Sobolev inequality, we have:
lim
i→∞
∫
Ω
[(ui − 1)+]
2 dvg = 0. (3.28)
In particular, the L2 norms
∫
Ω
u2i dvgi are uniformly bounded. Recall
that, by (3.7), gi = g near Σ. Consider a collar V near Σ, without loss
of generality V = Σ× [0, 1], where the metric g is of the form dt2+ ht;
here t denotes the distance from Σ and ht denotes a smooth metric on
Σ× {t}. Hence, by the mean value inequality and Schauder boundary
estimates, lim supi→∞ ‖ui‖C2(V ) <∞.
If (i) were false, then by Arzela`-Ascoli we could to pass to a subsequence
that converges in C1(V ) to a function u∞ on V . If
∂
∂ν
u∞(x∞) < 0 at
some x∞ ∈ Σ, by (3.28) u∞ ≤ 1 on V since the L
2 topology is weaker
than C1, so this is impossible. Hence (i) is true.
(ii) Suppose
∫
Σ
∂
∂ν
ui dσ ≤ 0 for infinitely many i. We may suppose this
is true for all i large enough. We want to prove that g is Ricci flat at x0
and H− = H+ on P . First note that since ui = 1 on Σ, by the Sobolev
inequality, we have(∫
Ω
u
2n
n−2
i dvgi
)n−2
n
≤ c
(∫
Ω
|∇giui|
2dvgi + 1
)
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here we have used the fact that cgi ≤ g ≤ c
−1gi for some c > 0
independent of i.
Multiplying (3.26) by ui, integrating by parts, and using using ui ≡ 1
on Σ, Lemma 3.7(i) we have,
0 ≥
∫
Σ
∂
∂ν
ui dσ
=
∫
Ω
|∇giui|
2 + cnR(gi)u
2
i dvgi
≥
∫
Ω\(P (ǫ)∪Q(ǫ))
R(g)u2i dvgi + c
−1ǫ−2i
∫
P ( 1
400
ǫ2)
(H− −H+)u
2
i dvgi
+ 1
2
τi
∫
Bg4r(x0)
χ|R˚ic(g)|2u2 dvgi + (1− cτ
1
2
i )
∫
Ω
|∇giui|
2 dvgi
− cτ
3
2
i
[∫
Q(ǫ)∪Bg4r(x0)
u
2n
n−2
i dvgi
]n−2
n
≥
∫
Ω\(P (ǫ)∪Q(ǫ))
R(g)u2i dvgi + c
−1ǫ−2i
∫
P ( 1
400
ǫ2)
(H− −H+)u
2
i dvgi
+ 1
2
τi
∫
Bg4r(x0)
χ|R˚ic(g)|2u2i dvgi + (1− cτ
1
2
i )
∫
Ω
|∇giui|
2 dvgi
− cτ
3
2
i (3.29)
Since R(g) ≥ 0 outside sing g, H+ ≤ H− on P , we have
lim
i→∞
∫
Ω
|∇giui|
2 dvgi = 0. (3.30)
By the Sobolev inequality on ui − 1, and the Harnack inequality, we
find that, after passing to a subsequence, ui → 1 locally uniformly
away from P ∪ Q. Therefore, (3.29) further implies that R(g) ≡ 0 on
Ω \ (P ∪Q), R˚ic(g)(x0) = 0. Hence g is Ricci flat on x0.
It remains to proveH+ = H− along P . Note that on P (ǫ0) = (−ǫ0, ǫ0)×
P , c(dt2+h) ≤ gi ≤ c
−1(dt2+h) for some c > 0 independent of i, where
h is the induced metric of g = g+ = g− on P . Let dσh be the volume
form of h on P . Since ui(z, ǫ0)→ 1 uniformly on {ǫ0} × P ,
ǫ−2i
∫
P ( 1
400
ǫ2i )
(H− −H+)u
2
i dvgi
≥c1ǫ
−2
i
∫ 1
400
ǫ2i
0
∫
z∈P
(H− −H+)(z)u
2
i (z, t)dσh(z)dt
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=
c1
400
∫
P
(H− −H+)u
2
i (z, ǫ0)dσh
+ c1ǫ
−2
i
∫ 1
400
ǫ2i
0
∫
z∈P
(H− −H+)(z)(u
2
i (z, t)− u
2
i (z, ǫ0))dσh(z)dt
≥c2
∫
P
(H− −H+)dσh − c2ǫ
−2
i
∫ 1
400
ǫ2i
0
∫
z∈P
|(u2i (z, t)− u
2
i (z, ǫ0))|dσh(z)dt
≥c2
∫
P
(H− −H+)dσh − 2c2ǫ
−2
i
∫ 1
400
ǫ2i
0
∫
z∈P
(∫ ǫ0
0
|ui∂tui|(z, s)ds
)
dσh(z)dt
≥c2
∫
P
(H− −H+)dσh − c3
∫
z∈P
(∫ ǫ0
0
|ui∂tui|(z, s)ds
)
dσh(z).
where c1, c2, c3 > 0 are constants independent of i. By (3.30), Sobolev
inequality applied to ui − 1 we conclude that
∫
Ω
u2idvgi is uniformly
bounded. By (3.30) and the Schwarz inequality, we conclude that∫
z∈P
(∫ ǫ0
0
|ui∂tui|(z, s)ds
)
dσh(z) → 0, as i → ∞. Combine this with
(3.29), we conclude that H− = H+ along P . 
4. Another approach for point singularities
In this section we provide an alternative treatment of isolated point
singularities that circumvents technical estimates. We blow up the
point singularities, excise the asymptotic ends, and fill in with disks
of positive scalar curvature. We use the mean curvature convention of
Section 3 (Remark 3.2).
Proposition 4.1. Let (Ω3, g) be a singular fill-in of (Σ, γ) such that
H0(sing g) <∞. Then F(Σ, γ) 6= ∅, and
1
8π
∫
Σ
Hg dσ ≤ Λ(Σ, γ). (4.1)
If equality holds in (4.1), then sing g = ∅, Σ is connected, and (Ω, g) is
a mean-convex handlebody with a flat interior.
Remark 4.2. The given proof of Proposition 4.1 actually works under
lower regularity assumptions on the singular metrics than in Definition
3.1, which required that g be C0 and W 1,p, p > 3, across sing g:
(1) Our proof of (4.1) only requires that g be L∞ with L∞ inverse
across sing g.
(2) Our proof the rigidity conclusion requires that g be W 1,p, p > 3,
with L∞ inverse across sing g.
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The proof we give relies on the idea behind the class F˚ of fill-ins; see
Definition 1.4. The unprescribed minimal surfaces at the boundary
will, essentially, be used to “hide” the singular points.
Proof of Proposition 4.1. The result is trivial when sing g = ∅, so let’s
assume that sing g 6= ∅. We will explicitly construct an element of
F˚(Σ, γ); thus, F(Σ, γ) is also nonempty by Proposition B.4.
Let ψ be the Greens function for the Laplacian on (Ω3, g) with Dirichlet
boundary data on ∂Ω, and ψ(x)→∞ as distg(x, sing g)→ 0. We note
that such Greens functions exist for g with isolated W 1,p point singu-
larities; see, e.g., [17]. (Indeed, L∞ regularity would suffice.) Moreover,
ψ ∈ C∞loc(Ω \ sing g) and
c−1 distg(·, sing g)
−1 ≤ ψ ≤ c distg(·, sing g)
−1, x ∈ Ω, (4.2)
where c depends on the original metric g.
Define ĝǫ = (1 + ǫψ)
4g. Note that
lim
ǫ→0
Hĝǫ = Hg uniformly on Σ (4.3)
and, since R(g) ≥ 0 on Ω \ sing g,
R(ĝǫ) ≥ 0 on Ω \ sing g. (4.4)
Fix a family of disjoint open neighborhoods of the points in sing g
(one for each point) labeled {Up}p∈sing g, so that each Up ⊂ M \ Σ is
diffeomorphic to a 3-ball.
Claim. Let p ∈ sing g. There exists Φp : R
3 \B1(0)→ Up \ {p}, which
is a diffeomorphism, and a constant cp,ǫ > 1 such that
c−1p,ǫg0 ≤ Φp
∗ĝǫ ≤ cp,ǫg0. (4.5)
Here, g0 is the flat Euclidean metric.
Proof. Let (y1, y2, y3) be coordinates near p such that p = (0, 0, 0) and
Up ≈ B1(0). We’ll take the inversion x := |y|
−2 to be our diffeomor-
phism. By (A.1) we have g ≤ c′g0, so by (4.2) and (A.12),
Φp
∗ĝǫ = (1 + ǫψ ◦ Φp)
4Φp
∗g ≤ (1 + cǫ|x|)4Φp
∗c′g0 = c
′(cǫ+ |x|−1)4g0.
The reverse inequality follows similarly. 
Claim. For small ǫ > 0, there exists a surface (possibly disconnected)
Tǫ ⊂ ∪p∈sing gUp that is minimal with respect to ĝǫ, and such that there is
a single component Ω′ of Ω\Tǫ that contains Σ. Moreover, Ω′∩sing g =
∅, so the metric completion of (Ω′, g|Ω′) is an element of F˚(Σ, γ).
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Proof. By employing the low regularity excision lemma in [18, Lemma
6.1] and standard geometric measure theory we find, for each p ∈ sing g,
a compact ĝǫ-area minimizing element of [∂Up] ∈ H2(Up\{p};Z), which
does not contain {p}. Let’s denote it Tp,ǫ, with spt Tǫ ⊂ U p\{p}. From
geometric measure theory,
spt Tp,ǫ \ ∂Up is smooth. (4.6)
By a straightforward area minimization comparison argument and the
locally uniform convergence ĝǫ → g on U p \ {p}, we know that
lim
ǫ→0
| sptTp,ǫ|ĝǫ = 0, (4.7)
where | · |ĝǫ denotes area with respect to ĝǫ.
Denote Wp,τ := {x ∈ Up : distg(x; ∂Up) < τ}, where τ > 0 is small.
First, we show that spt Tp,ǫ∩ (Wp,2τ \Wp,τ) = ∅ provided ǫ > 0 is small
(depending on τ). If this were not the case, then for a sequence ǫj ց 0
we’d be able to choose points xp,j ∈ spt Tp,ǫj ∩ (Wp,2τ \Wp,τ ) on our
area minimizing surfaces. By the fact that ĝǫj → g locally smoothly in
Up \ {p} and from the monotonicity formula (for minimal surfaces) in
small regions of Riemannian manifolds applied to spt Tp,ǫj ∩ (Wp,2τ \
Wp,τ), we find that
lim inf
j
| sptTp,ǫj |ĝǫ > 0,
contradicting (4.7). Thus spt Tp,ǫ ∩ (Wp,2τ \Wp,τ) = ∅ for small ǫ > 0.
Since Wp,2τ \Wp,τ disconnects U p, we have:
(1) T ′p,ǫ ⊂W p,τ , or
(2) T ′p,ǫ ∩Wp,2τ = ∅,
for every connected component T ′p,ǫ ⊂ spt Tp,ǫ.
Case (2) cannot occur for arbitrarily small ǫ > 0: any nontrivial ele-
ment of H2(Up \ {p};Z) that is supported on U p \Wp,2τ has a uniform
lower ĝǫ-area bound comparable to the g-area of ∂Wp,2τ (e.g., compare
to the uniformly equivalent setting in B1(0) \B2τ (0)).
Thus, case (1) will hold for every connected component of spt Tp,ǫ when
ǫ > 0 is small, so spt Tp,ǫ ∩ ∂Up = ∅, so
(4.6) =⇒ spt Tp,ǫ is everywhere smooth.
Since Tp,ǫ generates H2(Up \{p};Z), it follows that Tp,ǫ is a multiplicity
one embedded submanifold, so the metric completion of Up \ Tp,ǫ does
not contain p. The claim follows with Tǫ = ∪p∈sing g spt Tp,ǫ. 
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As a consequence of the claim, the metric completion of (Ω′, g|Ω′) is an
element of F˚(Σ, γ), so
1
8π
∫
∂Ω
Hg dσ =
1
8π
∫
∂Ω′
Hg dσ ≤ Λ˚(Σ, γ) = Λ(Σ, γ),
where the last equality follows from Proposition B.4.
Now we study the rigidity case of (4.1).
First, we show R(g) ≡ 0 on Ω\sing g. Indeed, whenever R > 0 at some
point, then one can conformally decrease the scalar curvature, while
maintaining scalar nonnegativity, the induced metric on the bound-
ary, and increase the boundary mean curvature pointwise; this would
produce a singular fill-in of (Σ, γ) that violates (4.1).
Now we’ll show that Ric(g) ≡ 0. Let h ∈ C∞(Sym2 T
∗Ω) be an arbi-
trary smooth symmetric 2-tensor that is supported away from Σ∪sing g.
For concreteness, suppose that
{h 6= 0} ⊂ U ⊂⊂ Ω \ (Σ ∪ sing g).
For small t, the symmetric 2-tensors
gt := g − th
areW 1,p metrics that are smooth away from sing g. Recall that R(g) ≡
0 on Ω \ sing g, and that R(gt) ≡ 0 near sing g for all small t.
Consider the first eigenvalue, λt, of −∆gt +
1
8
R(gt) on Ω with Dirichlet
boundary conditions: ut|Σ = 0. Note that λ0 > 0, so λt > 0 for small
t. In particular, we can find ut ∈ W
2,>3(Ω) such that
−∆gtut +
1
8
R(gt)ut = 0 in Ω
ut = 1 on Σ.
(4.8)
Note that u0 ≡ 1 and ut > 0 for small t. Thus, ĝt = u
4
tgt is a W
1,>3
metric on Ω for small t. We claim that (Ω, ĝt) is a singular fill-in of
(Σ, γ) for small t. Indeed, sing ĝt ⊂ sing g, ĝt|Σ = γ, and R(ĝt) ≡ 0 on
Ω \ sing g. Finally,
Hĝt = Hg + 4
∂
∂ν
ut. (4.9)
This is positive for small t, since u0 ≡ 1, so, (Ω, ĝt) is a singular fill-in.
Since Hg is assumed to attain equality in (4.1), (4.9) implies∫
∂Ω
∂
∂ν
ut dσ ≤ 0
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for all small t, with equality at t = 0. Recall that ut ∈ W
2,p(Ω), p > 3,
so ut ∈ C
1,α(Ω) by the Sobolev embedding theorem. (cf. Remark 3.4.)
In particular, an integration by parts together with (4.8) yields:∫
Ω
R(gt)ut dvgt ≤ 0
for all small t, with equality at t = 0. (Excise small balls around sing g
and send their radius to zero.) Recall that[
d
dt
R(gt)
]
t=0
= divg divg h−∆g Trg h + 〈h,Ric(g)〉g,
that h ≡ 0 near sing g, R(g) ≡ 0 on Ω \ sing g, and u0 ≡ 1. Thus
differentiating the integral of R(gt)ut and setting t = 0, we find that:∫
Ω
〈h,Ric(g)〉g dvg = 0.
Since we h was arbitrary, we deduce that Ric(g) ≡ 0 on Ω \ sing g. It
follows that sing g = ∅ by [36]. In particular, the result follows from
the smooth case: [20, Theorem 1.4]. 
5. A result in function theory
The rigidity statements of Theorems 1.5 and 1.8 were established us-
ing the following characterization of Euclidean balls in terms of their
Green’s functions, which might be of independent interest; see also [1,
Corollary 2.2]:
Theorem 5.1. Suppose (Ω, g) is a compact, connected n-dimensional
Riemannian manifold, n ≥ 3, with boundary Σ such that:
(1) There exists an isometric immersion ι : (Ω, g)→ Rn;
(2) there exists a p ∈ Ω \ Σ and a ψ : Ω \ {p} → R such that
∆gψ = 0 on Ω \ {p}, ψ = 0 at Σ, ψ = Ad
2−n +O(1)
for some A > 0, where d = distg(p, ·); and
(3) ψ satisfies the boundary condition
∂
∂ν
ψ + cH = −b at Σ, (5.1)
where H is the mean curvature of Σ with respect to the unit
normal ν pointing outside of Ω, and b ≥ 0, c > 0 are constants.
Then (Ω, g) is isometric to a Euclidean ball in Rn with radius r so that
A(2− n)r2−n + br + c(n− 1) = 0.
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Proof. Without loss of generality, let ι(p) = 0 (the origin of Rn). Let
Q = ι(Ω) ⊂ Rn. Let R be the smallest radius so that BR(0) ⊃ Q.
We claim that ι(Σ) ∩ ∂BR(0) 6= ∅. Suppose, by contradiction, that
∂BR(0) ∩ ι(Σ) = ∅. Let y ∈ ∂B0(R) ∩ Q, which is nonempty, and let
q ∈ Ω \ Σ with ι(q) = y. Since ι is an isometric immersion, there is an
open set Bry(y) ⊂ ι(Ω), for some ry > 0, because ι is a local isometry.
This contradicts the fact that BR(0) ⊃ Q.
Let q0 ∈ Σ with ι(q0) = y0 ∈ ∂B0(R). Let ξ : BR(0)→ R be
ξ(y) := A|y|2−n −AR2−n,
a positive harmonic on BR(0) \ {0} so that ξ = 0 at ∂BR(0). Then
ξ˜ = ξ ◦ ι is also positive harmonic on Ω \ ι−1(0), ξ˜ ≥ 0 at Σ \ ι−1(o),
and ξ˜ → ∞ as q → ι−1(o). Moreover, ξ˜ = Ad2−n + O(1) near p. By
the maximum principle we have ξ˜ ≥ ψ, and hence
∂
∂ν
ψ ≥ ∂
∂ν
ξ˜ = A(2− n)R1−n.
On the other hand, by the definition of R as the smallest enclosing
radius, H(q0) ≥ (n− 1)R
−1. By (5.1), we conclude that
−b = ∂
∂ν
ψ + cH ≥ A(2− n)R1−n + c(n− 1)R−1.
Hence
0 ≥ A(2− n)R2−n + bR + c(n− 1). (5.2)
Next, let α be a geodesic from p parametrized by arc length defined on
[0, tα] so that α([0, tα)) ⊂ Ω \ Σ and α(tα) ∈ Σ. Let
r = inf{tα| α is a geodesic from p} > 0.
Let D(r) denote the union of all geodesics from p with length < r.
This is an open set as it is the image of expp(Br(0)) and expp is a local
diffeomorphism. We claim that ι is injective in D(r). If (ι(α) ∩ ι(β)) \
{o} 6= ∅, then ι(α) = ι(β) because they are straight lines from o. But
ι is a local isometry, and thus α = β. On the other hand, ι must be
injective on α. So ι is injective and ι(D(r)) = Br(0), ∂D(r) = ∂Br(0).
Note that r ≤ R. By the definition of D(r) we conclude that there
exists y1 ∈ ∂B0(r) so that y1 = ι(q1) for some q1 ∈ ∂Ω. Let
ζ(y) = A|y|2−n −Ar2−n.
Then ζ is positive harmonic in B0(r) so that ζ = 0 on ∂B0(r). Since
ι is bijective in D(r), we conclude that ζ ◦ ι ≤ ψ in D(r). Then as in
the above argument we have at q1,
0 ≤ A(2− n)r2−n + br + c(n− 1). (5.3)
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Since A > 0, b ≥ 0, the function f(x) = A(2−n)x2−n+ bx+ c(n−1) is
strictly increasing on (0,∞). Since r ≤ R, by (5.2), (5.3), we conclude
that R = r and is the unique positive root of f(x) = 0 because c > 0.
It remains to prove D(r) = Ω \ Σ. If Ω \ (Σ ∪ D(r)) 6= ∅, then there
is q ∈ (Ω \ Σ) ∩ ∂D(r), so ι(q) ∈ ∂B(r). But ι is a local isometry, so
ι(Ω) \B0(r) 6= ∅, a contradiction. 
Remark 5.2. From the proof of the theorem, without assuming ∂
∂ν
ψ+
cH ≡ −b, we still have (in the notation of the proof)
sup
Σ
(
∂
∂ν
ψ + cH
)
≥ A(2− n)R1−n + c(n− 1)R−1,
inf
Σ
(
∂
∂ν
ψ + cH
)
≤ A(2− n)r1−n + c(n− 1)r−1.
6. Proof of Theorems 1.5, 1.8, Corollaries 1.2, 1.6
We want to apply the results in section 3 to asymptotically flat man-
ifolds with compact boundary. First, we prove Theorem 1.5. Arguing
as in Section 2, the metric completion of (M, ĝ), ĝ := φ4g, is a smooth
manifold which is diffeomorphic to the one-point compactification Ω of
M , and carries a metric ĝ which is smooth away from a point p ∈ Ω
that corresponds to M ’s infinity.
Lemma 6.1. The metric ĝ extends across p to a W 1,p metric, p > 6.
Proof. Using the inversion y = x/|x|2, p will correspond to the origin
y = 0, by (A.12), if we let hij = g(∂yi , ∂yj ) and gij = g(∂xi, ∂xj ), then
φ4hij =
(
C
|x|
+O(|x|−1−τ)
)4
hij = C
4δij +O(|y|
τ).
Hence g is continuous at the origin. On the other hand,
∂
∂yp
=
∂xq
∂yp
∂
∂xp
=
(
δpq
|y|2
−
2ypyq
|y|4
)
∂
∂xq
.
Hence
φ4hij = (C + A)
4
(
δik −
2yiyk
|y|2
)(
δjl −
2yjyl
|y|2
)
(δkl +B)
= (C + A)4B
(
δik −
2yiyk
|y|2
)(
δjl −
2yjyl
|y|2
)
+ (C + A)4δij .
where
|A|+ |y| · |∂yA|+ |B|+ |y| · |∂yB| = O(|y|
τ).
Hence |∂y(φ
4hij)| = O(|y|
τ−1). The results follows since τ > 1
2
. 
30 Christos Mantoulidis, Pengzi Miao and Luen-Fai Tam
Proof of Theorem 1.5. Recall that we’ve set
(Ω, ĝ) := metric completion of (M, ĝ).
By Lemma 6.1, ĝ is aW 1,p, p > 6, metric on Ω with sing ĝ ⊂ {p}. Since
Ω is diffeomorphic to the one-point compactification of M , ∂Ω ≈ Σ.
In fact, since φ = 1 on Σ, ĝ induces the same metric, γ, on ∂Ω ≈ Σ as
does g. The scalar curvature of the conformal metric is
R(ĝ) = 8φ−5(−∆gφ+
1
8
R(g)φ) = R(g)φ−4 ≥ 0 on Ω \ {p}.
The mean curvature of Σ with respect to ĝ and the unit normal ν
pointing outside of Ω is Hĝ = −Hg + 4
∂
∂ν
φ on ∂Ω, which is positive by
(1.6), so (Ω, ĝ) is a singular fill-in of (Σ, γ). Thus, from Theorem 3.3
or Proposition 4.1 and (1.4):
Λ(Σ, γ) ≥
1
8π
∫
∂Ω
Hĝ dσ =
1
8π
∫
∂Ω
(−Hg + 4
∂
∂ν
φ) dσ
= −
1
8π
∫
∂Ω
Hg dσ + 2 Cg(Σ,M),
which gives (1.7), and thus (1).
If equality holds in (1.7), then Propositions 3.5 or 4.1 imply that (Ω, ĝ)
is a mean-convex handlebody with a flat metric.
Finally, suppose Σ is a topological sphere. First, assume that equality
holds in (1.7). Then, by the previous paragraph, (Ω, ĝ) is a genus-0
mean-convex flat handlebody, i.e., a 3-dimensional ball. As such, it
can be isometrically immersed in (R3, g0).
Let ψ := φ−1 − 1. Note that, by the formula for the transformation of
the Laplacian among the conformal metrics ĝ = φ4g:
∆ĝψ = φ
−5(∆g(φψ)− ψ∆gφ) = 0.
Moreover,
ψ = 0 on ∂Ω,
ψ = Cg(Σ,M) distĝ(·, p)
−1 +O(1) near p,
the latter holding in view of Lemma A.2. Finally,
Hĝ + 4
∂
∂ν
ψ = −Hg on ∂Ω. (6.1)
Since Hg ≥ 0 is a constant, it follows from our characterization of Eu-
clidean balls in Theorem 5.1 that (Ω, ĝ) is isometric to a standard round
ball in R3 of radius r > 0 for some r > 0. Hence (M, g) is isometric
to (Br(0) \ {0}, (ψ+ 1)
4g0) where g0 is the standard Euclidean metric.
Using the Kelvin transform, one concludes that (M, g) is Riemannian
Schwarzschild outside of a coordinate sphere, as asserted.
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For the converse implication, see the explicit computation in Subsection
7.1, which shows that the left and right hand sides of (1.7) coincide in
the case of Schwarzschild and coordinate spheres Σ. 
Proof of Corollary 1.2. This is Theorem 1.5 with Hg = 0 on Σ. 
Proof of Corollary 1.6. Since Hg < 4|∇φ| on Σ,
2 Cg(Σ,M \ Ω) ≤ Λ(Σ, γ) +
1
8π
∫
Σ
Hg dσ
by Theorem 1.5. The second term of the right hand side is ≤ the first
by Hg > 0 and Definition 1.4. The result follows from (1.11).
For the rigidity case, Theorem 1.5 (2) and Theorem 3.3 imply that the
blowdown (M \ Ω, ĝ) is Euclidean. On the other hand, so is the fill-in
(Ω, g). We thus have Hg = Hĝ on Σ by the Cohn–Vossen theorem (see
[28]). Plugging into (6.1) we get Hĝ+2
∂
∂ν
ψ = 0 on ∂Ω. It follows from
Theorem 5.1 that (Ω, g) and (M\Ω, ĝ) are geodesic balls in (R3, g0). 
Proof of Theorem 1.8. We begin by applying the idea to reflect M
through its boundary, as in Bunting–Masood-ul-Alam [10]. Let
w := 1− φ on M.
Let (M˜, g˜) be the mirror image of (M, g) and
(N, h) := (M, g) ⊔ (M˜, g˜)/ ∼,
where ∼ denotes the identification of Σ ⊂ M with its mirror image in
M˜ . (Note that h is only Lipschitz across Σ.) We denote the infinities
coming from M , M˜ as ∞M , ∞M˜ , respectively. Let w˜ be the harmonic
function which is the mirror image of w, i.e., near Σ, we have w˜(t, x′) =
−w(−t, x′) in exponential normal coordinates (t, x′) over Σ, with t =
distg(Σ, ·). Define u : N → (0, 1) to be
u(x) :=
{
1
2
(1 + w) on M,
1
2
(1 + w˜) on M˜.
Note that u(x) → 1 as x → ∞M , while u(x) → 0 as x → ∞M˜ . Since
w = w˜ = 0 on Σ, (N, u4h) is smooth up to (but not across) Σ, Lipschitz
across Σ, and has scalar curvature
R(u4h) = 8u−5(−∆hu+
1
8
R(h)u) ≥ 0 on N \ Σ.
32 Christos Mantoulidis, Pengzi Miao and Luen-Fai Tam
The mean curvatures induced by u4g, u4g˜ on the two sides of Σ, with
respect to the unit normal η pointing toward ∞M , are
HΣ,u4g = u
−2(HΣ,g + 4
∂
∂η
log u) = 4(HΣ,g − 4
∂
∂η
φ), (6.2)
HΣ,u4g˜ = u
−2(−HΣ,g + 4
∂
∂η
log u˜) = 4(−HΣ,g − 4
∂
∂η
φ). (6.3)
Since HΣ,g ≤ 0 with respect to η,
(6.2)− (6.3) =⇒ HΣ,u4g ≤ HΣ,u4g˜. (6.4)
With c as in the theorem statement, let N(c) := {u ≤ c} ⊂ N . Note
that Theorem 3.3 applies to the metric completion of (u4h,N(c)):
(1) By (6.4), we have a (C)(a) singularity on Σ.
(2) By the asymptotic behavior of φ (and u) from Lemma A.2, u4h
can be compactified by adding a point p∞ that corresponds to
∞M˜ , at which u
4h has a (C)(b) singularity; see Lemma 6.1.
(3) By the formula for the change in mean curvatures under con-
formal metric changes and assumption (1.14),
HΣ(c),u4g = c
−2(HΣ(c),g − 2c
−1 ∂
∂ηc
φ) (6.5)
is positive, where HΣ(c),g is also computed with respect to the
normal ηc pointing toward ∞M .
By the scaling properties of the total boundary mean curvature, and
∂N(c) = Σ(c), we see that Theorem 3.3 implies:
c2Λ(Σ(c), γc) = Λ(Σ(c), c
4γc) ≥
1
8π
∫
Σ(c)
HΣ(c),u4g c
4dσc
=⇒ Λ(Σ(c), γc) ≥
c2
8π
∫
Σ(c)
HΣ(c),u4g dσc. (6.6)
Together, (6.5), (6.6), imply:
Λ(Σ(c), γc) ≥
1
8π
∫
Σ(c)
HΣ(c),g dσc −
c−1
4π
∫
Σ(c)
∂
∂ηc
φ dσc.
We can integrate by parts using (1.3), (1.4) to get:
Λ(Σ(c), γc) ≥
1
8π
∫
Σ(c)
HΣ(c),g dσc + c
−1 Cg(Σ,M),
which is precisely (1.15).
Now suppose that equality holds in (1.15). Then equality also holds in
(6.6), and thus in the invocation of Theorem 3.3 to (u4h,N(c)∪{p∞}).
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Thus, by Proposition 3.5, u4h is smooth and flat across ∞M˜ , though
perhaps not across Σ. Nonetheless, HΣ,u4g = HΣ,u4g˜ along Σ, so
HΣ,g ≡ 0 on Σ, (6.7)
by virtue of (6.4).
Recall that, for the rigidity case, we’re additionally assuming Σ(c) is a
sphere of positive Gauss and mean curvature.
Since equality holds in (6.6) and (Σ(c), c4γc) has positive Gauss curva-
ture, the results and methods in [32] allow one to attach (N(c), u4h)
to the exterior of a convex set in R3, along (Σ(c), c4γc), to obtain a
smooth 3-manifold N˜ with piecewise smooth metric g. By the mono-
tonicity formula in [32], we conclude that the manifold has only one
end and zero ADM mass. By [23, Theorem 2], (N˜ , g) is C1,α isometric
to (R3, g0), i.e., there is a C
1,α diffeomorphism Φ : N˜ → R3 so that
Φ : (N˜, g)→ (R3, g0) is a Riemannian isometry. Moreover, Φ is smooth
away from Σ by Myers–Steenrod [27].
We may assume Φ(∞M˜) = 0 (the origin). Note that
∂
∂η
φ < 0 on Σ. For
t > 0 small enough, {φ = 1 − t} is a smooth graph over Σ contained
in a small neighborhood of Σ. Observe that for any ǫ > 0, there is
t0 ∈ (0, 1) such that if 0 < t < t0, t ∈ (0, t0) =⇒ |Hg(t)| ≤ ǫ, where
Hg(t) is the mean curvature of {φ = 1− t}; here we’ve used (6.7). Let
D(t) be the domain in N˜ bounded by {φ = 1− t}.
If R(t) is the radius of the smallest ball centered at the origin and
which contains Φ(D(t)), then by Remark 5.2 we have
ǫ ≥ −1
2
Cg(Σ,M)(R(t))
−2 + 1
2
R(t) =⇒ 2ǫR(t)2 + Cg(Σ,M) ≥ R(t).
Conversely, let r(t) be the radius of the largest ball centered at the
origin and contained in Φ(D(t)). By Remark 5.2, we similarly have
r(t) ≥ −2ǫr(t)2 + Cg(Σ,M).
Since R(t), r(t) are uniformly bounded, we may send ǫ → 0 and con-
clude that Φ(M˜) is a ball of radius Cg(Σ,M). As before we conclude
that (M, g) is Riemannian Schwarzschild outside the horizon. 
7. Results in Schwarzschild manifolds and some examples
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7.1. Some computations. Let (M3m, gm) be a (doubled) Riemannian
Schwarzschild manifold:
M3m = R
3 \ {0}, gm =
(
1 +
m
2r
)4
g0.
Here, g0 is the Euclidean metric on R
3 \ {0}, and r = r(x) := |x|.
Consider Σ = {r = r0}, M
Σ
m = {r ≥ r0}, for r0 ∈ (0,∞). The metric γ
induced on Σ is that of a round sphere of radius:
rA(Σ) =
(
1 +
m
2r0
)2
r0. (7.1)
In the embedding (Σ, γ) →֒ (R3, g0) we have mean curvature
Hg0 = 2
(
1 +
m
2r0
)−2
r−10 . (7.2)
The mean curvature Hgm of Σ in Schwarzschild with respect to the unit
normal pointing to∞ is found by a conformal computation to be
Hgm = 2
(
1 +
m
2r0
)−3(
1−
m
2r0
)
r−10 . (7.3)
Therefore,
1
8π
∫
Σ
Hg0 dσ +
1
8π
∫
Σ
Hgm dσ = 2 r0 +m. (7.4)
The boundary capacity potential for Σ ⊂ (MΣm, gm) is:
φ =
2r0
m
(
1 +
m
2r0
)[
1−
(
1 +
m
2r
)−1]
=
(
r0 +
m
2
)
r−1 +O(r−2).
(7.5)
Thus,
Cgm(Σ,M
Σ
m) = r0 +
m
2
. (7.6)
Thus in terms of rA(Σ) from (7.1) by solving for r0 in terms of r
Area
0 :
Cgm(Σ,M
Σ
m) =
rA(Σ)
2
(
1±
√
1−
2m
rA(Σ)
)
, (7.7)
where ± is a “+” when r > 1
2
m, and a “−” when r < 1
2
m. In any case,
by (7.4), (7.6):
Λ(Σ, γ) +
1
8π
∫
Σ
Hgm dσ ≡ 2 Cgm(Σ,M
Σ
m) (7.8)
no matter what r0 ∈ (0,∞) was to begin with.
Remark 7.1. The computations above also work for m = 0 and m < 0
with Mm := R
3, Mm := R
3 \ {r ≤ 1
2
|m|}, respectively.
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7.2. Proofs of Theorem 1.10 and its corollaries.
Proof of Theorem 1.10. We symmetrize as in the proof of the Poincare´–
Faber–Szego¨ inequality (1.16) (see [30]), but we will use H. Bray’s
isoperimetric inequality in (Mm, gm) [4] instead of the classical isoperi-
metric inequality in (R3, g). In what follows, for any surface Σ homol-
ogous to the horizon ΣH ⊂ (Mm, gm) we let |Σ| denote its area and
V (Σ) denote the signed volume bounded between Σ, ΣH .
Let φ be the harmonic potential for Cgm(Σ,M
Σ
m), extended as φ ≡ 1.
For t ∈ (0, 1], let Ωt := {φ ≥ t}, let Σt := ∂Ωt, and V (t) := V (Σt). It
is not hard to see that
Σt is an embedded surface, V
′(t) =
∫
Σt
dσt
|∇φ|
for a.e. t ∈ (0, 1), (7.9)
where dσt is the area element of Σt. Now let Σ
∗
t denote the unique
rotationally symmetric sphere enclosing signed volume V (t) with ΣH ;
denote by Ω∗t the corresponding annular region with ∂Ω
∗
t = Σ
∗
t and
signed volume V (t). Also define φ∗ : Mm → [0, 1] by
φ∗ = t on Σ∗t for t ∈ (0, 1], φ
∗ ≡ 1 on Ω∗1.
It is not hard to see that φ∗ is Lipschitz, and
|∇φ∗| = const on Σ∗t , V
′(t) =
∫
Σ∗t
dσ∗t
|∇φ∗|
for t ∈ (0, 1), (7.10)
where dσ∗t is the area element of Σ
∗
t . By the coarea formula, (7.10), the
isoperimetric inequality, and Cauchy–Schwarz, we have∫
Mm
|∇φ∗|2 dvgm =
∫ 1
0
(∫
Σ∗t
|∇φ∗| dσ∗t
)
dt =
∫ 1
0
|Σ∗t |
2
V ′(t)
dt
≤
∫ 1
0
|Σt|
2
V ′(t)
dt ≤
∫ 1
0
(∫
Σt
|∇φ| dσt
)
dt =
∫
Mm
|∇φ|2 dvgm.
The right hand side is Cgm(Σ,M
Σ
m) by (1.4), while the left hand side is
an upper bound for Cgm(Σ
∗,MΣ
∗
m ) by the variational characterization
of capacity (see [4, Section 6]). 
Combined with the computation of capacity on rotationally symmetric
spheres in Schwarzschild and (1.8), (1.17) gives upper and lower bound
of Cgm(Σ,M
Σ
M) :
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Corollary 7.2.
rA(Σ
∗)
2
(
1 +
√
1−
2mH(Σ∗)
rA(Σ∗)
)
≤ Cgm(Σ,M
Σ
M ) ≤
rA(Σ)
2
(
1 +
√
1−
2mH(Σ)
rA(Σ)
)
,
where rA(Σ
′) is the area radius of a surface Σ′, i.e., 4π(rA(Σ
′))2 = |Σ′|
which is the area of Σ′, and mH(·) denotes the Hawking quasi-local mass
[14],
mH(Σ
′) :=
√
|Σ′|
16π
(
1−
1
16π
∫
Σ
H2gm dσ
)
,
with dσ the induced area element of Σ′ ⊂ (Mm, gm). Moreover, if either
inequality is an equality, then they are both equalities, and Σ = Σ∗.
Corollary 7.3. Let Σ be a sphere of positive Gauss curvature bounding
a domain containing with the horizon ΣH in a Schwarzschild manifold
(Mm, gm) with mass m > 0, so that as a surface in R
3, Σ contains
the origin. Suppose that the mean curvature with respect to the unit
normal pointing into MΣ:
Hgm < 4|∇φ| on Σ; (7.11)
here, φ is the boundary capacity potential of Σ that corresponds to
Cgm(Σ,M
Σ) per (1.3). If Σ∗ is the unique rotationally symmetric sphere
in (Mm, gm) that bounds a domain with ΣH with the same (signed) vol-
ume as Σ, then∫
Σ∗
(Hg0 +Hgm) dσ
∗ ≤
∫
Σ
(Hg0 +Hgm) dσ. (7.12)
Moreover, equality holds in (7.12) if and only if Σ = Σ∗.
Proof. From Theorems 1.5, 1.10, and (7.8):
1
8π
∫
Σ
(Hg0 +Hgm) dσ ≥ 2 Cgm(Σ,M
Σ
m)
≥ 2 Cgm(Σ
∗,MΣ
∗
m ) =
1
8π
∫
Σ∗
(Hg0 +Hgm) dσ.
The first result follows. Rigidity follows from Theorem 1.10. 
Another corollary of Theorems 1.8 and 1.10 is the following:
Corollary 7.4. Let Σ be a sphere of positive Gauss curvature bounding
a domain with the horizon ΣH in a Schwarzschild manifold (Mm, gm)
with massm > 0, and which is weakly outer trapped (its mean curvature
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vector points to r = ∞) and contains the origin in R3. Let φ be the
boundary capacity potential of Cgm(Σ,M
Σ
m) given by (1.3). Set
u := 1
2
(2− φ), Σc := {u = c}, c ∈ (
1
2
, 1).
Suppose that c ∈ (1
2
, 1) is a regular value of u and that the equipotential
surface Σc has positive Gauss curvature and its mean curvature with
respect to the unit normal that points into MΣ satisfies
Hgm > −4|∇ log u| on Σc. (7.13)
If Σc bounds the same (signed) volume with ΣH in Mm the rotationally
symmetric sphere Σ∗c , then
mBY (Σc) ≥ (c
−1 − 1)
(
mBY (Σ
∗
c)
m
− 1
)−1
mBY (Σ
∗
c), (7.14)
and equality holds if and only if Σ is the horizon and Σc = Σ
∗
c . Here
mBY (Σ˜) :=
1
8π
∫
Σ˜
(Hg0 −Hgm) dσ˜, for Σ˜ = Σc, Σ
∗
c , respectively.
Proof. This follows like Corollary 7.3 above, except we evaluate the
Brown–York mass of rotationally symmetric spheres using (7.4). 
7.3. Comparing the ADM mass to the Λ-invariant. We have
been discussing three quantities on an asymptotically flat manifold
(M3, g) with nonnegative scalar curvature with compact boundary Σ
which is a horizon. Namely, the ADMmassmADM, the capacity C(M,Σ)
and the quantity Λ(Σ, γ) where γ is the induced metric. Bray’s capacity
inequality (1.2) and Theorem 1.5 imply that
mADM ≥ Cg(Σ,M);
1
2
Λ(Σ, γ) ≥ Cg(Σ,M).
(7.15)
In this section we’ll point out how there is no a priori relationship
between the ADM mass of a complete, asymptotically flat manifold
and the Λ-invariant of its boundary (recall Definition 1.4).
Fist, let m > m′ > 0 and consider the Schwarzschild metrics
gm :=
(
1 +
m
2r
)4
g0, gm′ :=
(
1 +
m′
2r
)4
g0,
taken to be defined on Mm := R
3 \ Bm/2(0), Mm′ := R
3 \ {0}, respec-
tively. We can glue these two manifolds together by identifying the
horizon ΣH = {|x| = m/2} ⊂ (Mm, gm) with the coordinate sphere
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Σ′ = {|x| = r′} ⊂ (Mm′ , gm′), where the latter is isometric to ΣH . This
is doable because there is a unique such r′ ∈ (m
′
2
,∞), given by(
1 +
m′
2r′
)4
4π(r′)2 = 4π(2m)2.
Define
(M˜, g˜) := (Mm, gm) ⊔ ({m
′/2 ≤ |x| ≤ r′} ⊂Mm′ , gm′)/ ∼
where the symbol / ∼ on the right denotes the boundary identification
ΣH ∼= Σ
′. This is a manifold with a Lipschitz metric which is smooth
and scalar flat away from ΣH , and has minimal boundary Σ
′
H . By
(7.2), we see that
mADM(M˜, g˜) = m > m
′ =
1
2
·
1
8π
∫
Σ′H
Hg0 dσ =
1
2
Λ(Σ′H , γ
′). (7.16)
Here, Hg0 denotes the mean curvature of Σ
′
H in R
3. Even though g˜ is
not smooth on Σ′, the mean curvature jump on it is such that one may
apply the smoothing method of [25, Proposition 3.1] to the (larger)
rotationally symmetric manifold
(Mm, gm) ⊔ ({0 < |x| ≤ r
′} ⊂ (Mm′ , gm′))/ ∼,
where ∼ still denotes the identification ΣH ∼= Σ
′. One obtains rota-
tionally symmetric (M˜i, g˜i) that converge smoothly away from ΣH to
the original nonsmooth manifold, and, by [25, Lemma 4.2],
lim
i
mADM(M˜i, g˜i) = mADM(M˜, g˜);
on the left hand side, mADM is computed on the end coming from Mm.
By a simple mean convex barrier argument, (M˜i, g˜i) contains a horizon
(Σ′H,i, γ
′
i) whose metric converges smoothly to that of Σ
′
H . Thus
lim
i
∫
Σ′H,i
H0,i dσγi =
∫
Σ′H
Hg0 dσγ′ .
Here, H0,i denotes the mean curvature of the isometric embedding of
either Σ′H,i or Σ
′
H into R
3. The last two limits allow us to smooth the
manifold giving the counterexample in (7.16).
Remark 7.5. One can arrange for (7.16) to hold with ≫ in the in-
equality by suitably picking m→∞, m′ → 0.
Conversely, [22] shows the existence of asymptotically flat extensions
of horizons (Σ, γ) with positive Gauss curvature, with ADM mass arbi-
trarily close to
√
|Σ|γ/16π. The classical Minkowski inequality on R
3
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and [20, Theorem 1.5] imply, for nonround Σ, that√
|Σ|γ
16π
<
1
16π
∫
Σ
Hg0 dσ =
1
2
Λ(Σ, γ), (7.17)
where Hg0 is the mean curvature of Σ when embedded in (R
3, g0).
Remark 7.6. One can arrange for (7.17) to hold with ≪ in the in-
equality by suitably picking (Σ, γ) to be a long, thin tube.
Appendix A. Asymptotically flat manifolds and capacity
We recall the definition of an asymptotically flat manifold.
Definition A.1. A Riemannian 3-manifold (M, g) is called asymptot-
ically flat (of order τ) if there is a compact set K such that M \ K
is diffeomorphic to R3 minus a ball and, with respect to the standard
coordinates on R3, the metric g satisfies
gij = δij +O(|x|
−τ), ∂gij = O(|x|
−τ−1), ∂∂gij = O(|x|
−τ−2) (A.1)
for some τ ∈ (1
2
, 1], and the scalar curvature R(g) satisfies
R(g) = O(|x|−q) (A.2)
for some q > 3. Here ∂ denotes partial differentiation on R3.
In asymptotically flat manifolds of order τ , we have precise control of
the boundary capacity potential from Definition 1.1, (1.4). Namely:
Lemma A.2. If (M3, g) is asymptotically flat of order 1
2
< τ < 1, then
in Euclidean coordinates x near infinity,
φ(x) =
Cg(Σ,M)
|x|
+O2(|x|
−1−τ ), (A.3)
for a constant Cg(Σ,M) > 0.
Proof. We’ll write ∆0 for the Euclidean Laplacian and use the notation
ui = ∂iu, etc. Here and below, C will denote positive constant which
is independent of x and r. Let ψ = ar−1 − r−1−ǫ, with a, ǫ > 0. Then
∆gψ = ∆0ψ+ σijψij + κiψi = −(1 + ǫ)(3 + ǫ)r
−3−ǫ+O(r−3−τ). (A.4)
with σij = O2(r
−τ ), κi = O1(r
−1−τ ). Choosing ǫ < τ , there is R > 0
independent of a so that ∆gψ ≤ 0 on R
3\BR(0). Choose a≫ 1 so that
ψ > φ on the complement of R3 \BR(0) in M . We conclude, from the
maximum principle, that φ ≤ ψ ≤ ar−1 on M . Similarly, φ ≥ −ar−1,
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giving the required bound on |φ|. By the interior Schauder estimates,
[13, Theorem 6.2] we have
|φ| ≤ C|x|−1, |∂φ| ≤ C|x|−2, |∂∂φ| ≤ C|x|−3.
Extending φ to be a smooth function on in a compact set, we may
assume that φ is defined in R3 so that f = ∆0φ = O(r
−3−τ) by (A.4)
because ∆gφ = 0 near infinity. Let
w(x) := −
1
4π
∫
R3
1
|x− y|
f(y) dy.
By the decay rate of f , this is well defined and ∆0w ≡ 0.∫
R3
f(y)
|x− y|
dy =
∫
Br/2(x)
f(y)
|x− y|
dy︸ ︷︷ ︸
=: I
+
∫
Br/2(0)
f(y)
|x− y|
dy︸ ︷︷ ︸
=: II
(A.5)
+
∫
R3\(Br/2(x)∪Br/2(0))
f(y)
|x− y|
dy︸ ︷︷ ︸
=: III
.
Since |y| ≥ r/2 for y ∈ Br/2(x),
| I | ≤ Cr−3−τ
∫
Br/2(x)
dy
|x− y|
≤ Cr−1−τ . (A.6)
Since outside Br/2(x), |x− y| ≥
r
2
. Hence
| III | ≤ Cr−1
∫
R3\Br/2(0)
|y|−3−τ dy ≤ Cr−1−τ . (A.7)
To estimate II, let
a˜ := −
∫
R3
f(y) dy.
Note that a˜ is a finite number by the decay rate of f . For r = |x| > 1,
II+
a˜
r
= −
1
r
∫
R3\Br/2(0)
f(y) dy︸ ︷︷ ︸
=: IV
+
∫
Br/2(0)
(
1
|x− y|
−
1
|x|
)
f(y) dy︸ ︷︷ ︸
=:V
.
(A.8)
By direct integration it is easy to see that
| IV | ≤ Cr−1−τ . (A.9)
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Since |x− y| ≥ r
2
for y ∈ Br/2(0), we have
|V | =
∣∣∣∣∣
∫
Br/2(0)
(
2x · y − |y|2
|x| |x− y| (|x|+ |x− y|)
)
f(y) dy
∣∣∣∣∣ ≤ Cr−1−τ .
(A.10)
By (A.5)-(A.10), we have w = ar−1+O(r−1−τ). Thus, by the maximum
principle, w ≡ φ.
The higher order estimates, again, follow from [13, Theorem 6.2]. This
completes the proof of the lemma. 
It will often prove to be useful in this paper to invert coordinates on
our asymptotic end. The inversion map is defined to be:
Φ : R3 \ {0} → R3 \ {0}, y = Φ(x) = |x|−2x. (A.11)
Using the inversion y = x/|x|2, the point ∞ will correspond to the
origin y = 0. Suppose g is a metric outside a compact set of the x-
space in R3 and gij = g(∂xi, ∂xj) such that gij = δij + σij . Using the
above inversion, let hij = g(∂yi, ∂yj ) and gij = g(∂xi, ∂xj). Then
hij = |y|
−4
{
δij + σij + |y|
−2
[
4yiyjykylσkl − 2|y|
2
(
yiykσjk + y
jykσik
)]}
.
(A.12)
In particular, if gij = δij , then hij = |y|
−4δij.
Appendix B. F˚(Σ, γ), Λ˚(Σ, γ) for disconnected Σ
We revisit F˚ , Λ˚ from [20, Definition 1.2] where Σ had been assumed
connected for simplicity. We’ll generalize results about F˚ , Λ˚ from [20]
to match the revised Definition 1.4 of the current paper.
The following two lemmas generalize verbatim—the connectedness of
Σ didn’t play a role.
Lemma B.1 (Filling, cf. [20, Lemma 2.2]). Suppose (Ω, g) ∈ F˚(Σ, γ)
is such that:
(1) ΣH = ∂Ω \ ΣO is nonempty,
(2) R(g) > 0 on ΣH ⊂ ∂Ω, and
(3) every component of ΣH is a stable minimal 2-sphere.
Then for every η > 0, there exists (D, h) ∈ F˚(Σ, γ) with Hh > Hg − η
on its boundary SO, which corresponds to ΣO.
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Lemma B.2 (Doubling, cf. [20, Lemma 2.3]). Suppose (Ω, g) ∈ F˚(Σ, γ),
and that ΣH = ∂Ω \ ΣO is nonempty. Let D denote the doubling of Ω
across ΣH , so that ∂D = ΣO∪Σ
′
O, where Σ
′
O denotes the mirror image
of ΣO. For every η > 0 there exists a scalar-flat Riemannian metric h
on D such that (D, h) satisfies:
(1) ΣO with the induced metric from h is isometric to (Σ, γ),
(2) Hh > Hg on ΣO, and
(3) H ′h > Hg − η on Σ
′
O,
where Hg denotes the mean curvature of ΣO in (Ω, g), and Hh, H
′
h
denote the mean curvatures of ΣO, Σ
′
O in (D, h).
Lemma B.3 (cf. [20, Lemma 3.1]). If (Ω, g) ∈ F˚(Σ, γ)\F(Σ, γ), then
1
8π
∫
∂Ω
Hg dσ < Λ(Σ, γ) ≤ Λ˚(Σ, γ).
Proof. Use the doubling lemma (Lemma B.2) to get (D, h) ∈ F(Σ, γ),
where Σ = Σ ⊔ Σ′, Σ′ ≈ Σ, γ|Σ = γ, and which has
Hh > Hg on Σ. (B.1)
It will be convenient to split up (Σ, γ) into its connected components:
(Σ, γ) = (Σ1, γ1) ⊔ · · · ⊔ (Σk, γk).
Apply the cutting lemma [20, Lemma 2.1] (which didn’t need to be gen-
eralized) k times to (D, h) to isolate the boundary components (Σj , γj)
and obtain (Ωj , γj) ∈ F˚(Σj , γj), j = 1, . . . , k, with boundary mean cur-
vatures Hh,j = Hh|Σj > Hg|Σj . Fix j = 1, . . . , k. Since Σj is connected,
[20, Proposition 5.1] gives Λ˚(Σj , γj) = Λ(Σj, γj). Together with (B.1):
Λ(Σj , γj) = Λ˚(Σj , γj) ≥
1
8π
∫
∂Ωj
Hh,j dσj >
1
8π
∫
Σj
Hg|Σj dσj .
This implies, by the additivity theorem ([20, Theorem 1.2]), that
Λ(Σ, γ) =
k∑
j=1
Λ(Σj , γj) >
k∑
j=1
∫
Σj
Hg|Σj dσj =
∫
∂Ω
Hg dσ.
The result follows. 
As a direct corollary we get:
Proposition B.4 (cf. [20, Proposition 5.1]). Λ˚(Σ, γ) = Λ(Σ, γ).
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Proof. Take the supremum over F˚(Σ, γ) \ F(Σ, γ) in Lemma B.3. 
For the sake of completeness, let’s also generalize some auxiliary results
from [20, Section 3], though they’re not currently necessary.
Proposition B.5 (cf. [20, Proposition 3.1]). If Σ is a finite union of
spheres and γ is any Riemannian metric on Σ, then Λ˚(Σ, γ) <∞.
Proof. From Proposition B.4, Λ˚(Σ, γ) = Λ(Σ, γ). The latter is known
to be finite by combining the additivity theorem [20, Theorem 1.2] with
the finiteness theorem for single 2-spheres [20, Theorem 1.3]. 
Proposition B.6 (Rigidity in F˚ , cf. [20, Proposition 3.4]). If (Ω, g) ∈
F˚(Σ, γ) attains the supremum Λ˚(Σ, γ), i.e., if
1
8π
∫
∂Ω
Hg dσ = Λ˚(Σ, γ),
then Σ is connected, (Ω, g) ∈ F(Σ, γ), and it’s isometric to a mean-
convex handlebody with flat interior whose genus is that of Σ. If Σ were
a sphere, then (Ω, g) can be isometrically immersed in (R3, g0).
Proof. The fact that (Ω, g) ∈ F(Σ, γ) follows from Lemma B.3. The
result follows from the rigidity theorem for F , [20, Theorem 1.4]. 
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